The quantum mechanical Beth-Uhlenbeck (BU) approach for repulsive hard-core interactions between baryons is applied to the thermodynamics of a hadron gas. The second virial coefficient a 2 -the "excluded volume" parameter -calculated within the BU approach is found to be temperature dependent, and it differs dramatically from the classical excluded volume (EV) model result. At temperatures T = 100 − 200 MeV, the widely used classical EV model underestimates the EV parameter for nucleons at a given value of the nucleon hard-core radius by large factors of 3-4. Previous studies, which employed the hard-core radii of hadrons as an input into the classical EV model, have to be re-evaluated using the appropriately rescaled EV parameters. The BU approach is used to model the repulsive baryonic interactions in the hadron resonance gas (HRG) model. Lattice data for the second and fourth order net baryon susceptibilities are described fairly well when the temperature dependent BU baryonic excluded volume parameter corresponds to nucleon hard-core radii of r c = 0.25 − 0.3 fm.
I. INTRODUCTION
The properties of QCD at high densities and temperatures are studied experimentally and theoretically using relativistic heavy-ion collisions. Lattice QCD simulations, hydrodynamic and transport models are among the tools employed. Lattice QCD observables at zero chemical potential, µ B = 0, and at moderate temperatures, T 150 MeV, are reasonably well described by the ideal hadron resonance gas (HRG) model [1] [2] [3] [4] [5] [6] [7] .
The standard HRG model assumes that microscopic system states consist of non-interacting hadrons and resonances [8] . In accord with the arguments based on the S-matrix approach [9] [10] [11] , this HRG model includes attractive interactions between hadrons which lead to the formation of resonances. The resonances in HRG can also be treated within the K-matrix approach [12] [13] [14] , in particular for the case of the overlapping resonances [14, 15] . More realistic hadronic models take into account the presence of both, attractive and repulsive interactions between the constituent hadrons. Repulsive interactions in the HRG model had previously been considered in the framework of the relativistic Mayer's (cluster) and virial expansions [10] , via repulsive mean fields [16, 17] , and via excluded volume (EV) corrections [18] [19] [20] [21] [22] [23] [24] . In particular, the effects of EV interactions between hadrons on HRG thermodynamics [25] [26] [27] [28] [29] [30] [31] [32] and on observables in heavy-ion collisions [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] had extensively been studied in the literature. Recently, repulsive interactions have received renewed interest in the context of lattice QCD data on fluctuations of conserved charges. It was shown that large deviations of several fluctuation observables from the ideal HRG baseline could well be interpreted in terms of repulsive baryon-baryon interactions [43] [44] [45] [46] .
The total system volume of the thermodynamic systems is substituted in the EV model by the total available volume, i.e. V → V − v N , where v is the excluded volume parameter of a single particle. The microscopic background of the EV model corresponds to repulsive hard-core interactions. v is connected to the microscopic hard-core radius r c of a particle as v = 16π 3 r 3 c in the single-component EV model [47, 48] . In the context of hadronic physics applications it is, however, often overlooked that the above relation between v and r c is inherently classical, i.e. all quantum mechanical effects on the hard-core interaction are ignored. Such an approximation may be justified when the thermal de Broglie wavelength of the constituent particles is much smaller as compared to their hard-core radius, i.e. λ dB r c , which is the case for the EV model applications in classical physics. When λ dB r c , however, the classical approximation breaks down, as shown in Refs. [49, 50] for the case of spinless particles. A simple estimate for nucleons (m N ∼ = 938 MeV is assumed in this paper) yields a de Broglie wavelength λ dB = 2π/(m N T ) 1.3 fm at T = 150 MeV. This value is much larger than typical nucleon hardcore radii, with values of about r c = 0.2 − 0.8 fm often employed by practitioners of the EV model [26, 29, [33] [34] [35] [36] [37] [38] [39] [40] . These λ dB values are even larger at smaller temperatures. Thus, the hard-core interactions between hadrons are expected to be significantly affected by quantum mechanical effects at these temperatures.
The present paper explores quantum mechanical effects on the 2nd virial coefficient in systems of baryons with hard-core interactions in the framework of the Beth-Uhlenbeck (BU) approach [51] . The results are contrasted with the classical EV model. The classical EV model, as well as its virial-and cluster expansions, are elaborated in Sec. II. Sec. III describes, within the BU approach, the effects of hard-core interactions on the 2nd virial coefficient in the system of nucleons. The applications of the BU approach to the HRG model with repulsive baryon-baryon interactions are discussed in Sec. IV.
II. CLASSICAL EXCLUDED-VOLUME MODEL
Short-range repulsive interactions are modeled in the classical EV model by substituting the total volume by the available volume, i.e. V → V − vN , where N is the total number of particles. This substitution results in the well known van der Waals equation of state
in which the attractive van der Waals interactions are omitted. Here n ≡ N/V is the particle number density.
The pressure function, p(T, n), can be written in form of the virial expansion [47, 52, 53] 
classical EV model, as follows from Eq. (1):
The 2nd virial coefficient can be related to the hard-core radius r c of a given constituent. If quantum mechanical effects are neglected, a 2 (T ) is related to the 2-body interaction potential by
A repulsive hard-core potential reads
Substituting U (r) from (5) into (4) yields
Let us discuss the Mayer's cluster expansion of the pressure in the EV model. This expansion is in terms of the powers of the fugacity, λ = e µ/T . It will be used below for the comparison with the BU approach. The cluster expansion is written as [47, 52, 53] 
Here z ≡ g φ(T ; m) λ is the absolute activity, which can be considered as the density of the ideal gas with Boltzmann statistics at a given T -µ pair, and b k (T ) are the cluster integrals, i.e. the coefficients of the Mayer's cluster expansion in fugacities (see, e.g., Chapter 10 in Ref. [47] ).
where we assumed the relativistic dispersion relation
The pressure of the EV model in T -µ variables is given in terms of the transcendental
Expansion of the EV model pressure around the ideal gas pressure p id (T, µ) yields
where g is the internal degeneracy factor (for nucleons g N = 4). Note, that the effects of quantum statistics were neglected in the final line in Eq. (9) . Only the behavior of the 2nd
cluster or virial coefficients is analyzed in the present work, therefore, the expansion in Eq. (9) is written only up to the 2nd order.
Comparison of Eqs. (9) and (7) yields
Thus, the 2nd cluster integral is straightforwardly connected to the excluded volume parameter v.
III. BETH-UHLENBECK APPROACH

A. Formalism
Both the virial (2) and the cluster (7) expansion can be applied to describe interactions in a quantum system. If particles interact elastically and do not form bound states, the 2nd cluster integral is given by the generalized BU formula [9, 10, 49] 
Here the integral runs over all values of the invariant mass ε of two particles in the center-ofmass frame. The sum in the integrand is taken over all relevant channels of all two-particle states, which are characterized by a set of quantum numbers Q. The specific definition of Q depends on a particular system studied (see below). δ Q (ε) is the corresponding scattering phase shift for channel Q. Equation (11) The scattering phase shifts are well known for the hard-sphere scattering potential (5). They depend on the orbital angular momentum L and are given by [55] 
Here q ≡ q(ε) is the momentum of a constituent particle in the c.m. frame, j L and n L are spherical Bessel functions. Relativistic dispersion relation is employed in the present work,
Thus, the expression for the 2nd cluster integral for the nucleon system with a hard-core interaction can be written as
Integration by parts yields
Let us denote the BU approach with hard-core interaction potential as BU-HC. As follows from Eq. (10), the BU-HC approach predicts a temperature dependent excluded volume 
. (15) It is also useful to consider the original, non-relativistic BU formula [51] ,
where
A comparison of the non-relativistic BU-HC result (16) with the classical result (6) provides an important cross check. For high temperatures the quantum effects in the BU-HC model become unimportant, thus, the results (16) and (6) densities (see e.g. Refs. [26, 27, 29, 31, 33-37, 39, 56, 57] ). A value r c = 0.3 fm was sometimes taken based on the properties of nucleon-nucleon scattering [26, 27] . The large discrepancy between the classical EV model and the BU approach suggests that the former can only be considered as a simplified effective approach, when used in hadronic physics applications. This means that the parameter a ev 2 of the EV model should not be connected to the values of the hard-core radii via Eq. (6) . Note that similar concerns were voiced before, based on BU calculations for spinless particles [49, 50] . More accurate analyses shall also take into account interaction-channel dependent hard-core radii [49, 58] .
The classical EV model result [Eq. (9)] is only valid when both, quantum mechanical and relativistic effects, can be neglected. Formally, the non-relativistic BU-HC formula (16) is expected to converge to the classical result (9) at high temperatures. This expectation was proven for spinless particles with a hard-core interaction [49, 50] . The numerical check for spin-1/2 nucleons is depicted in We note that scattering phase shifts can also be employed to study the non-equilibrium properties of interacting hadrons [54] . Therefore, one can study in a similar fashion the difference between classical and quantum mechanical hard-core repulsion for the various kinetic properties, such as the scattering cross section and transport coefficients. Similarly large differences could be expected there as well. These extensions will be considered elsewhere.
C. Other estimates and the role of attraction
The results of the present approach can be compared to other estimates of the 2nd virial coefficient for nucleons. These other estimates are not based on a hard-core interaction potential, at least not directly. The 2nd virial coefficient should not be identified exclusively with an eigenvolume parameter in such a case, therefore we use the notation a Lattice QCD results for the 2nd virial coefficient of "baryon-baryon interaction" [46] , obtained from simulations at an imaginary baryochemical potential, are depicted by black symbols with error bars.
thermodynamics of a nucleon gas.
For the hard-core repulsion, the empirical values of the nucleon hard-core radius r c are considered in the range r c = 0.25 − 0.30 fm, as suggested by the analysis of N N -scattering phase shift data [59] . The corresponding BU result is depicted in Fig. 3 by the blue band. For completeness, the recent imaginary-µ B lattice QCD results on the partial pressure of QCD in the baryon number |B| = 2 sector [46] are also shown in Fig. 3 by black circles. A purely hadronic description, reasonable at moderate temperatures, yields partial pressure proportional to an "average" second virial coefficient a at smaller temperatures due to the missing attractive interactions. Therefore, modifications of the BU-HC approach are desirable for applications at these temperatures.
IV. APPLICATIONS TO THE HADRON RESONANCE GAS MODEL
The BU-HC formalism is also useful to model the repulsive baryonic interactions in the HRG model. Ref. [43] considered an extension of the ideal HRG model where repulsive interactions act only between pairs of baryons and between pairs of antibaryons. The system hence consists of three independent subsystems: non-interacting mesons, interacting baryons, and interacting antibaryons. Thus, the pressure is given as the sum, p = P M + P B + PB. It is assumed that the 2nd virial coefficient, v BB (T ), which characterizes the baryon-baryon interactions, is the same for all (anti-)baryon pairs at a given temperature. The nucleon-nucleon values, v N N (T ), are taken for all baryon-baryon and antibaryon-antibaryon pairs, i.e. v BB (T ) ≡ v N N (T ). This simplifying assumption is supported by lattice QCD simulations [62] , which do suggest that repulsive core is qualitatively similar between different baryon-baryon pairs. The model probably overestimates the repulsive effects at high temperatures, where the high thermal pressure squeezes all hadron volumes [63, 64] .
The partial pressure of the baryonic and the antibaryonic subsystems in the BU-HC approach
where λ B = exp(µ B /T ) and
is the baryonic spectrum, with d i and ρ i being, respectively, the degeneracy and a properly normalized mass distribution for hadron type i, and where the sum goes over all baryons in the system. We include all baryon states, which are listed as "confirmed" in the Particle Data
Tables [65] . The function ρ i takes into account the non-zero widths of the resonances integrating over their Breit-Wigner shapes, following Refs. [66, 67] .
The model given by Eq. (18) is dubbed BU-HRG, the baryonic pressures (18a) and (18b) contain only quadratic interaction terms, which are proportional to the 2nd cluster integral. At large enough values of temperature and/or fugacity, the baryonic pressure will become negative, due to the negative sign of the quadratic term. Thus, this pure BU approach is expected to break down at some point, namely when the higher order terms of the cluster expansion are no longer negligible. It is instructive to consider the EV-HRG model with an effective temperature dependent excluded volume parameter. The partial pressure of baryons and of antibaryons in such a model reads
It can be easily seen that the pressure (20) of the EV-HRG model is consistent with the BU approach (18) up to the second order of the cluster expansion. However, the EV-HRG model also contains non-zero higher order coefficients in the cluster expansion. Hence, large differences between the two models may indicate that the second order cluster expansion is not applicable any longer. Consider the temperature dependence of the baryon susceptibilities at µ B = 0: the n-th order baryon susceptibility χ B n is defined as 
